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Steel Divisio n, R & D Centre, Sandvik AB
S-811 81 SANDVIKEN, Sweden
ABSTRACT
A numeric al analysi s of stresse s generat ed
in bending fatigue specime ns has been performed employi ng the commer cially availab le
FEM-pro gram ADINA. The results show that
transve rse bending occurs, giving rise to a
stress enhance ment in the edge region. A
stress maximum is obtaine d approxi mately
2 mm away from the specime n edge. This result is consist ent with the fact that fatigue initiat ion predom inantly takes place
in a zone 1-2 mm inside the edge. The stress
maximum thus obtaine d is due to a combina tion of a large tensile stress compon ent
and large shear stresse s. Standar d stress
formula e can neither predict correct stress
level nor stress distrib ution. A stringe nt
analysi s therefo re require s the use of advanced numeric al comput ations.

The stress formula e availab le in the standard literat ure do not in general incorpo rate the effects of transve rse bending . In
additio n, a general formula cannot be expected to be valid for a wide variety of
geomet ries. Therefo re, there has long been
a need for a more accurat e determ ination
of the stress state prevail ing in bending
fatigue specime ns. It is not until the last
few years that such an analysi s has become
feasibl e owing to the access to fast computers combine d with approp riate finite
element program s. One such FEM-pro gram is
ADINA, which was develop ed by K.J. Bathe
and cowork ers (4). ADINA was conside red to
be suitabl e in the present study due to its
ability to handle geomet ric non-lin earitie s
in shell and plate problem s.

INTRODUCTION

EXPERIMENTAL

The assessm ent of a reliabl e S-N curve requires an accurat e determ ination of stresses involve d. If the stress state is complicated the stress for a certain displac ement
may not always be calcula ted using formula e
availab le in standar d handboo ks. Further more, the stress may vary from one point to
another in a manner which is difficu lt to
predict . This situati on arises for instanc e
during bending of fatigue specime ns. It is
a well known phenome non that flat specime ns
subject ed to pure bending adopt a curvatu re
in the transve rse directi on (1). As aresult of this a saddle surface is created ,
sometim es termed anticla stic surface . The
transve rse curvatu re usually has a parabolic shape, but when the width (w) to
thickne ss (t) ratio increas es (w/t~25),
there is a tendenc y to concen trate the deflectio n to the edge regions leaving the
inner surface relativ ely flat (2). It was
specula ted in a previou s report (3) that
the high frequen cy of fatigue initiat ion
points in the edge region could be ascribe d
to the deflect ion of edges. Therefo re it
was conside red to be of vital importa nce to
investi gate this more thoroug hly.
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Modelli ng
A numeric al analysi s of stresse s was performed on a geometr y corresp onding to our
own bending fatigue specime n (3).
In order to make the compute r simulat ion
as realist ic as possibl e an elastic boundary conditi on was used corresp onding to bakelite plates of 0.2 mm thickne ss on either
side of the specime n in the grip section .
These plates are used in all bending fatigue tests to avoid stress concen trations
and a resulti ng prematu re failure at the
grip edge. Values of 0.35 for Poisson 's
ratio and 5·10 3 MPa for the elastic modulus were assumed for bakelit e. The specimen itself was treated as an elastic continuum with the corresp onding values of
0.3 and 2.1·105 MPa respect ively. An implicati on of this is that no effects of
for instanc e residua l stresse s are accounted for.
The finite element mesh consist ing of 36
9-node isopara metric shell elemen ts (5) is
shown in figure 1. Here we have taken ad-

vantage of the lateral symmetry of the
specimen and confined the calculations to
the right half. This gives a correct description of the situation provided the
symmetry line is subjected to the boundary
condition that y-displacem ents are all zero.

t = 0.381

According to experimenta l practice the
force is applied along a line correspondin g
to nodes 195-201 (indicated in figure 1).
Furthermore the force is always perpendicular to the specimen. This was accomplished
in the calculations by choosing appropriate
values of the x- and z-components of the
force. The force and the correspondin g deflection angle were measured in the testing
device (see table 1).
The boundary condition correspondin g to the
situation in the grip was represented by 27
brick elements, 9 of which represent the
grip section of the specimen and 18 representing the bakelite plates.
Initially a linear analysis of the problem
was attempted, but it soon became clear
that this led to erroneous results. For instance, the radius of curvature of the
specimen close to the grip became too small,
and the concomitant stresses in this part
became unrealistica lly large.

When the displacemen t in the x-direction is
0.83 mm at the point where the force is
applied (indicated in figure 1 with arrows)
the deflection at the edge is 22{um for the
section indicated by the dotted ine in
figure 1. Increasing the displacemen t enhances the effect of transverse bending.
When the displacemen t is 2.50 mm and the
center line assumes the shape of the lower
curve in figure 2, the correspondin g edge
deflection becomes 43 urn. The curve produced by the ADINA ca{culations is shown in
figure 3 as the curve labelled A. For comparison the experimenta l curve for the same
section obtained using the Talysurf tester
is drawn (labelled X). The agreement between the theoretical calculations and the
Talysurf measurement s is excellent, the
discrepancy at the outermost edge being
approximate ly 5 1 um. The correspondin g situation whenhx is 5 mm (Bin figure 2) is
shown in figure 4. In this case the agreement is not as good as in the previous example but it should be pointed out in this
context that the Talysurf method used in
the present study involves an experimenta l
error. Furthermore there is an inaccuracy
involved in evaluating the small diagrams
obtained in the Talysurf tester.

RESULTS

The transverse curvature is accompanied by
a variation in terms of stresses, which
tend to increase towards the edge region.
Even this effect is enhanced when the displacement increases. One striking result is
that the stress maximum is not assumed on
the edge itself but in a narrow band of
width ~2 mm away from the edge. For instance, when ~x = 5 mm the z-component of
the stress (d) is 392 MPa at point 1 in
element 13 (s~e figure 1). This should be
= 480 2 mm away from the
compared to d
= 425
edge in eleme~t 15 (point 2) and d
MPa (point 3) in the outermost gau§sian
point. The dominating term is the z-component but the other stress-compo nents are
non-vanishin g, indicating that the stress
state is by no means uniaxial. Therefore,
the von Mises effective stress is perhaps
a better parameter for making comparisons .
The stresses according to von Mises for the
three points above at 6x = 5 mm are 411 MPa
562 MPa and 466 MPa respectively . A contributory reason for the large stress obtained
in point 2 is the enhanced shear stresses
created in the vicinity. In general, there
was cle~r evidence of shear stress maxima
in a region 1-2 mm away from the edge. By
way of contrast, shear stresses were usually considerably lower in the center and
the outermost edge region.

Calculations were performed for specimen
thicknesses of 0.381 mm and 0.508 mm. The
results for both thicknesses clearly show
that, already for small displacemen ts,
there is clear evidence of a transverse
curvature.

For the maximum displacemen t considered,
bx = 6.92 mm, correspondin g to a force of
24.3 N, the calculated von Mises stresses
in points 1, 2, 3 are 568 MPa, 792 MPa and
647 MPa respectively . It is obvious from
those values that the stress maximum

Linear calculations can only be expected to
yield reasonable results for small deformations and strains. However, in order to describe the displacemen ts and accompanying
considerable axial and transversal curvatures encountered during our fatigue tests,
we had to include geumetrical ly non-linear
effects. This can be done in ADINA by using
the total Lagrangian formalism (5) in which
all static and kinematic variables are referred to the initial configuratio n.
Significant deviations from the linear results appeared due to the up-dating of the
stiffness matrix after each of the 10 discrete steps in which the force was applied.
In order to restore static equilibrium,
20-30 iterations were subsequently required
in each such step. To illustrate the computational complexity of the problem we might
mention that SO minutes of IBM 3032 CPUtime were necessary to analyse the 0.381 mm
fatigue specimen with element geometry as
shown in fig. 1, 229 modes and 867 degrees
of freedom. The equivalent CPU-time for
0.508 mm thickness was 34 minutes. Calculations were attempted also for 0.254 mm
thickness but were unsuccessfu l due to numerical divergence.
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is even more p~onounced at large displa cements .
It may be quali tative ly stated that the
discre pancy betwe en the FEM resul ts and the
resul ts obtain by using standa rd formu lae
increa sed toward s large r displa cemen ts.
Stand ard handb ooks sugge st d= ~~ where P
is force applie d and t is specim en thick ness. The triang ular shape of the specim en
is accou nted for in the factor 6. When P =
24.3 N, a stress of 1004 MPa is readi ly
calcu lated fort = 0.381 . By way of compa rison, the maximu m stress obtain ed in the
FEM calcu lation s is 792 MPa at this force.
t

= 0.508

The resul ts for t = 0.508 mm are in quali tative agreem ent with resul ts for t = 0.381
mm. No signi fican t dissim ilarit y in terms
of transv erse curva ture could be observ ed
for the two thickn esses consid ered. It is
obvio us that thinn er specim ens have to be
analys ed if thickn ess effec ts are to be
studie d. When the displa cemen t was 2.5 mm
at the point where the force is applie d,
the edge defle ction becam e 52 um. This value should be compa red to 43 urn1 calcu lated
for the corres pondi ng cross /secti on for
t = 0.381 mm. Increa sing the displa cemen t
yield s sligh tly large r defle ction s. For instanc e, atbx = 3.18 mm, which is the last
step in our simul ation, the edge defle ction
is 57 um.

1

The stress es accord ing to von Mises at
point s 1, 2 and 3 in figure 1 when Lx =
3.18 mm are 332 MPa, 436 MPa and 365 MPa.
This situat ion corres ponds to an applie d
force of 24.3 N and yield s a stress of 564
MPa using the simple formu la quoted above .
Once again , the value s calcu lated in the
prese nt inves tigati on becom e signi fican tly
lower than the standa rd formu la.
Final ly it should be pointe d out that, although it have been shown that the stress es
vary consi derab ly in the transv erse direc tion, the longi tudin al varia tions are in
all cases very small . In gener al this variation was less than 10% if point s at comparab le distan ces from the edge were considere d.
DISCU SSION

with the FEM- calcul ations presen ted in this
paper , result ing in a stress maximu m in a
narrow region close to but clear ly distin ct
from the edge. On the basis of our theor etical calcu lation s it is evide nt that the
-shear stress es are signi fican t in this region. This effec t combi ned with a large
value of c yield s the large von Mises
stress . Fa~igue crack s are most commo nly
observ ed to be perpe ndicu lar to the edge.
This obser vation is explic able in terms of
large value s of the tensil e compo nent 6
2
and the shear compo nent T
xy
Since the stress state is nowhe re uniax ial
it is consid ered that the von Mises stress
gives the most releva nt repre senta tion.
Howev er, due to the large varia tion of
stress es over the specim en surfac e - both
in terms of direc tion and magni tude - it is
diffic ult to envisa ge how the situat ion
should be speci fied in an S/N-c urve. In the
light of the prese nt simul ation there appears to be no way in which the proble m can
be uniqu ely descri bed by one stress parameter . This is illust rated by the examp les
given above for t = 0.381 where stress es of
568 MPa, 792 MPa and 647 MPa were obtain ed
in the same sectio n but at differ ent positions relati ve to the edge. The situat ion
is furthe r compl icated by the fact that the
standa rd manua ls predi ct a stress of 1004
MPa under these condi tions. Obvio usly, the
prese nt calcu lation s system atical ly yield
lower stress value s than those previo usly
calcu lated. This statem ent is valid for
both t = 0.381 mm and t = 0.508 mm.
By way of contr ast, there are rather small
stress gradi ents in the longi tudin al direc tion. As pointe d out earlie r these varia tions are less than 10%. The des]gn of the
bendin g fatigu e specim en was origin ally
based on educa ted assum ptions but at that
time no detail ed numer ical analy sis was
feasib le. In our opinio n the choice of
specim en geome try was a good one since the
prese nt calcu lation s show that the stress
state exhib its rathe r small longi tudin al
varia tions . In contr ast to longi tudin al
stress varia tions , transv erse stress verie tions can only be influe nced margi nally by
specim en geome try since they are due to an
inhere nt mater ial prope rty, the so called
Poisso n cor,tr action .
Althou gh it has been shown that there are
consi derab le discre panci es betwee n previo us
and prese nt calcu lation s it must be empha sized that our testin g proce dure is not
disqu alifie d. They merely show that, despite the rathe r simpl e specim en geome try,
power ful compu tation al techn iques have to
be emplo yed in a thorou gh stress analy sis.
Howev er, since our testin g techni que with
strain gauge s provid es an accur ate and reprodu cible way of adjus ting the ampli tude
it is a very good tool for class ifying differen t mater ials. The resul ts obtain ed in

Exper ience from tests perfor med in our laborato ry has led to the suspic ion that the
stress distri butio n in our bendin g fatigu e
specim ens is far from homog eneous . This is
prima rily due to the obser vation that initiatio n of fatigu e fractu re predo minan tly
occur s in the edge region (3). A detail ed
fracto graph ic stndy perfor med recen tly
showed that appro ximat ely 90% of all fractures had initia ted 1-2 mm away from the
edge (6). This obser vation is consi stent
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Table 1

the present report must be regarded as very
important since they enable a correct prediction of fatigue initiation in a zone 1-2
mm inside the edge. Similarly, they support
the suggestion made by Nilsson and Persson
(3) that this effect is explicable in terms
of stress enhancement in this region due to
edge deflections.

Step No

0
1
2
3
4
5
6
7
8
9
10

CONCLUSIONS
1. The calculations show that the maximum
stresses are attained a small distance
away from the edge. This is consistent
with experimental observations of fatigue
initiation points in this region.
2. Standard formulae available in the literature can neither predict correct
stress level nor stress distribution.
This is due to geometrically non-linear
effects which elementary theory cannot
account for.
3. The geometry of our bending fatigue
specimens 1S very good since longitudinal stress gradients are small.
4. Since stress cannot be uniquely defined
other variables should be considered in
the representation of the S-N-curve.
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Clos ing State ment for
"A STRESS ANALYSIS OF BENDING FATIG
UE SPECIMENS
USING THE FINIT E ELEMENT METHOD"
by
M. Hehe nberg er
Sand vik Coro mant , R & D Cent er
S-12 6 12 Stock holm , Swed en

J-0 Nilss on
Stee l Divi sion , R & D Cent re
Sand vik AB
S-81 1 81 Sand viken , Swed en

The follo wing is a closi ng state
pape r whic h appe ared on page s 111-1 men t by the auth ors for the
18
1982 Purd ue Com press or Tech nolog y Confof the Proc eedin gs of the
erenc e, July 21-2 3, 1982 .

The auth ors claim in the orig inal pape
r, that the stre ss
state in a bend ing fatig ue speci men
is far from unifo rm. Furt hermo re it is show n that the stres s
in a trans vers e secti on
incre ases cons idera bly towa rds the
speci men edge . Due to a mistake made by the auth ors, it is state
d that the "stre ss maxim um
is obta ined appr oxim ately 2 mm away
from
the speci men edge ",
impl ying that the stres s decr ease s
in
Afte r havin g check ed the calc ulati ons the outer most regio n.
stre ss maxim um is attai ned in the oute we have found that the
rmos t gaus sian poin t
(- 0.2 mm from the edge ), no evide nce
for a stre ss decl ine
being obse rved .
A cons eque nce of this is that there
is no obvi ous theo retical expl anat ion to the frequ ent obse
rvati ons of initi atio n poin ts
- 0.5 mm insid e the edge s. Howe ver,
that a more prec ise anal ysis of the it shou ld be poin ted out
regio n prob ably requ ires a much fine stres s state in the edge
r
that used in the pres ent inve stiga tion finit e elem ent mesh than
shap e of the edge has to be taken into . More over, the round ed
acco unt. A sugg estio n for
futu re work woul d be a more deta iled
asses smen t of stres s state
in the edge regio n, inco rpor ating effe
cts of round ed corn ers at
the speci men edge .
The conv ergen ce prob lems repo rted for
0.254 mm speci men
thick ness have been overc ome by divid
ing
the
step size
(cf table 1) of the incre ment al ADIN
A-in tegra tion by a facto r
of ten.
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